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In two recent papers, O. Entin-Wohlman et al. studied the question: "Which physical infor- 
mation is carried by the transmission phase through a quantum dot?" In the present paper, this 
question is answered for an islolated Coulomb-blockade resonance and within a theoretical model 
which is more closely patterned after the geometry of the actual experiment by Schuster et al. than 
is the model of O. Entin-Wohlman et al.. We conclude that whenever the number of leads coupled 
to the Aharanov-Bohm interferometer is larger than two, and the total number of channels is suffi- 
ciently large, the transmission phase does reflect the Breit-Wigner behavior of the resonance phase 
shift. 



I. INTRODUCTION 

In 1997, Schuster et al. Q| reported on a measurement 
of the transmission phase through a quantum dot (QD). 
These authors used an Aharanov-Bohm (AB) interfer- 
ometer with the QD embedded in one of its arms. The 
device is schematically shown in Figure || The current 
through the device is made up of coherent contributions 
from both arms and is, therefore, a periodic function of 
the magnetic flux (j> through the AB interferometer. A se- 
quence of Coulomb-blockade resonances in the QD was 
swept by adjusting the plunger gate voltage V g on the 
QD. (The plunger gate is not shown in the Figure). The 
phase shift 8<t> of the oscillatory part of the current was 
measured as a function of V g . We refer to this phase 
shift as to the transmission phase through the QD. As ex- 



pected, 5cj> showed an increase by ir over each Coulomb- 
blockade resonance. 

The AB interferometer of Ref. Q was attached to six 
external leads. The complexity of this arrangement was 
caused by the failure of an earlier two-lead experiment g] 
also aimed at measuring 5<f>. Instead of a smooth rise by 
7T over the width of each resonance, a sudden jump by ir 
near each resonance was observed. This feature was later 
understood to be caused by a special symmetry property 
of the two-lead experiment ||: The conductance g{4>) 
and, therefore, the current are symmetric functions of <f> 
and, hence, even in (f>. Thus, g is a function of cos(</>) 
only, and the apparent phase jump of 5<t> by ir is actually 
due to the vanishing at some value of V g near resonance 
of the coefficient multiplying cos(<f>). 
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FIG. 1. An AB interferometer containing a QD in one of its arms and attached to six external leads (schematic). The 
barriers labelled 1 and 2 separate the QD from the AB ring, the dashed lines the AB ring from the leads. Barriers and dashed 
lines are considered closed in the geometry defining the Hamiltonian Hq in Eq. (Ml). 
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Following the work of Ref. Q, theoretical attention 
was largely focused on the least expected feature of the 
data of Ref. §: A sequence of Coulomb-blockade reso- 
nances displayed very similar behavior regarding the de- 
pendence of both, the conductance and the transmission 
phase, on V g . In particular, 5(f) displayed a rapid drop 
between neighboring Coulomb-blockade resonances. For 
references, see Ref. It is only recently that Entin- 
Wohlman, Aharony, Imry, Levinson, and Schiller ||||] 
drew attention to the behavior of 5(f) at a single resonance. 
In Ref. || the first four authors consider a three-lead sit- 
uation. Two leads are attached to the AB interferometer 
in a fashion analogous to Figure [|. The third lead con- 
nects directly to the QD. The authors take the arms of 
the AB interferometer and the three external leads as 
one-dimensional wires. They consider an isolated reso- 
nance due to a single state on the QD. Solving this model 
analytically, they come up with a disturbing result: The 
transmission phase increases by tt over an energy inter- 
val given by that part of the width of the QD which is 
due to its coupling to the third lead. As this coupling- 
is gradually turned off, the rise by tt of 5<p becomes ever 
more steep, and eventually becomes a phase jump by tt 
as the coupling to the third lead vanishes. In Ref. B , the 
model is extended to include additional one-dimensional 
wires directly attached to the AB ring and coupled to it 
in a special way. Again, it is found that the transmission 
phase reflects the resonance phase shift only "for specific 
ways of opening the system" H. These results immedi- 
ately poses the following questions: What is the behavior 
of 5(f> for a single resonance in the six-lead case and, more 
generally, for any number of leads in a geometry like the 
one shown in Figure Does the rise of 5(f> by tt occur 
over an energy interval given by the actual width of the 
resonance or only by part of that width? And what hap- 
pens to 5(f) as the number of leads is gradually reduced 
to two? It is the purpose of the present paper to answer 
these questions within a theoretical framework which is 
more closely patterned after the experimental situation 
than is the work of Ref. H. In particular, our work dif- 
fers from that of Refs. H[|] in the following respects: We 
do not assume that the QD is directly coupled to a lead, 
we do not make any specific assumptions about the way 
in which the leads are coupled to the AB ring, and we 
allow for an arbitrary number of leads (as long as this 
number is at least equal to two) and of channels in each 
lead. 

II. MODEL 

In one of the first theoretical papers || addressing the 
data of Ref jl| , the transmission phase 5(f) was calculated 
in the framework of a model designed in Ref. J?]] , and for 
the geometry shown in Figure [l]. Inspection of the curves 
published in Ref. || shows that the transmission phase 



rises roughly by tt over an energy interval roughly equal 
to the width of each Coulomb-blockade resonance. The 
curves shown in Ref. j^] were, however, calculated in the 
framework of specific assumptions on a number of param- 
eters and do not, therefore, constitute a general answer 
to the questions raised at the end of Section |. Still, it 
is useful to employ again the model used in these calcu- 
lations. As we shall see, the model yields a completely 
general expression for the conductance and its depen- 
dence upon V g and (f> in the framework of the geometry 
displayed in Figure El 

Starting point for the study of a case with R leads 
where R is integer and R > 2 is the Landauer-Buttiker 
formula 

R 

I r = GrsV s . (1) 

s=l 

The formula connects the current I r in lead r, r = 
1, . . . , R with the voltages V s applied to leads s. The 
conductance coefficients G rs are given by 

Grs = t.T' = jY,J d£ (^nn) me )i 2 - **] • 

ab \ / 

(2) 

Here S^l(£) are the elements of the scattering matrix S 
connecting channel a in lead r with channel b in lead s 
at an energy £ of the electron. We have used the ter- 
minology of scattering theory and identified the trans- 
verse modes of the electron in each lead with the chan- 
nels. The function F(£) is the Fermi function. Wc 
simplify our reasoning by considering very low temper- 
atures where the integral in Eq. (^) can be replaced by 
[\^at(^ F )\ 2 ~ identifying the Fermi energy paramet- 
rically with the plunger gate voltage V g . We do so be- 
cause this brings out the energy dependence of the trans- 
mission phase most clearly. Subsequent averaging over 
temperature does not change the essential aspects. We 
recall that the Landauer-Buttiker formula is restricted 
to the case of independent electrons. This is the approx- 
imation used throughout the paper. 

To proceed, we must introduce a model for the scatter- 
ing matrix S(Ep). We consider a geometrical arrange- 
ment of the type shown schematically in Figure [j] with- 
out, however, limiting ourselves to six channels. We em- 
phasize that this geometry differs from the one considered 
in Ref. [pi where, as mentioned above, the QD is directly 
coupled to one of the leads. The electrons move inde- 
pendently in the two-dimensional area defined by the 
leads, the AB interferometer, and the QD. A homoge- 
neous magnetic field is applied perpendicularly to the 
plane of Figure [l]. 

The two-dimensional configuration space is divided 
into disconnected subspaces defined by the interior of the 
QD, of the AB interferometer without the QD, and by 
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each of the leads. The free scattering states in lead r 
carry the labels E for energy and a for the channel, with 
c^e an d c r aE the corresponding creation and destruction 
operators. The bound states in the closed AB ring have 
energies £j, i — 1,2,... and associated operators d\ and 
di . The QD supports a single bound state with energy E 
and associated operators and q. This last simplifica- 
tion is introduced because we wish to investigate the be- 
havior of 6cj> at an isolated Coulomb-blockade resonance. 
At the expense of an increase of the number of indices, 
this assumption can easily be removed, see Refs. (7]||. 

The single-particle Hamiltonian H is accordingly writ- 
ten as the sum of two terms, 



H = Hn 



(3) 



Here, Hq describes free electron motion in each of the 
disconnected subspaces, 

H =J2j dE EC aEC r aE + E £ 4^ + E 0dU ■ (4) 



The coupling between the various subspaces, and the in- 
fluence of the magnetic field are contained in the coupling 
Hamiltonian 



dE(w r al (E)c r J E d t 



h.c. 



ip 



J2[V?qU l + h.c. 



(5) 



The matrix elements W^(E) describe the coupling be- 
tween channel a in lead r and the state i in the AB ring. 
There are no barriers separating the leads from the AB 
ring. Therefore, the coupling to the leads will change the 
states i into strongly overlapping resonances. We will ac- 
cordingly assume later that the resulting terms depend 
smoothly on energy E. We also assume that on the scale 
of the mean level spacing in the AB ring, the energy de- 
pendence of the Ws is smooth and, in effect, negligible. 
The matrix elements Vf describe the coupling between 
the states i and the state in the QD with energy Eq . The 
upper index p with p — 1, 2 distinguishes the two barriers 
which separate the QD from the AB ring, see Figure |l|. In 
our model, the topology of the AB ring enters via the oc- 
currence of two independent amplitudes for decay of the 
state with energy Eq on the QD into each of the states 
i of the AB ring. Because of gauge invariance, the en- 
tire dependence of H on the applied magnetic field can, 
without loss of generality, be put into one of the matrix 
elements V. We accordingly assume that the amplitudes 
Wai(E) and V 1 are real and write V 2 in the form 



,( 2 ) 



(6) 



where is real. The phase tp is given by 27r times 
the magnetic flux through the AB ring in units of the 



elementary flux quantum. Eqs. (H,g) imply that the elec- 
tron picks up the phase factor exp(+i<f>) as it leaves the 
QD through barrier 2. Here and likewise in Section II], 



we neglect all other effects that the magnetic field may 
have on the motion of the electron, and take account of 
the Aharanov-Bohm phase only. 

The Hamiltonian used in Ref. differs from our Hq 
in that it also contains the Coulomb interaction be- 
tween electrons within the QD in a mean-field approxi- 
mation. This interaction is known Q to be important for 
the behavior of the phase of the transmission amplitude 
through the QD between resonances. It is not expected, 
however, to affect this phase in the domain of an iso- 
lated Coulomb-blockade resonance, or the width of such 
a resonance. 



III. SCATTERING MATRIX 

One may wonder whether the model defined in Eqs. (||) 
to (||) is sufficiently general to give a completely satisfac- 
tory answer to the questions posed at the end of Section |. 
It is for this reason that we now derive the form of the 
scattering matrix from very general principles. These 
are unitarity, time-reversal invariance, the topology of 
the AB interferometer, gauge invariance, and the single 
level approximation for the passage of electrons through 
the QD. As remarked above, the last of these assump- 
tions can easily be lifted. At the end, it will turn out 
that the scattering matrix determined in this way has in- 
deed the same form as the one calculated from Eqs. (|^) 
to @. 

The total scattering matrix S for the passage of elec- 
trons through the AB interferometer is the sum of two 
terms. We consider first the contribution S^ ' from that 
arm of the interferometer which does not contain the QD. 
(In the scheme of Figure [TJ, the total scattering matrix 
S(E) would become equal to S^(E) if the barriers 1 and 
2 separating the QD from the AB ring were closed). We 
neglect the dependence of on energy over an interval 
given by the width of the resonance due to the single level 
in the QD in the other arm and, therefore, consider 
as independent of energy. Since S is unitary, and since 
the contribution from the other arm vanishes for energies 
far from the resonance, must also be unitary. More- 
over, is not affected by the presence of the magnetic 
field. (As in the model of Eqs. (||) to (|J), the entire de- 
pendence on the magnetic field will be contained in the 
amplitude coupling the QD to the AB ring through bar- 
rier 2, see Eq. (g) below). Hence, is time-reversal 
invariant and, thus, symmetric. As is the case for every 
unitary and symmetric matrix, S^ ' can be written in the 
form § 



S<°> = UU 1 



(7) 
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The symbol T denotes the transpose of a matrix, and 
the matrix U is unitary. It is the product of an orthog- 
onal matrix which diagonalizes S^-°\ and of a diagonal 
matrix. The elements of the latter have the form exp(i5) 
where the S's are the eigenphaseshifts of . We now use 
the more explicit notation introduced in Eq. (Q) to write 
S(°) as (S (0) )££, and U as U r aa . With N r the number of 
channels in lead r and N = J2 r N r the total number of 
channels, the index a runs from 1 to N. The matrix U 
represents a rotation in the space of channels from the 
physical channels (r, a) to the eigenchannels a of . 

Using Eq. (^), we write the total S'-matrix S in the 
form 



a/3 



Xuf3 



E-E + (i/2)r 



Pi 



bii 



(8) 



The first term in brackets on the right-hand side of 
Eq. (||) represents and the second, the contribution 
of the single resonance due to the QD. This contribution 
is written in Breit-Wigner form. The numerator x a p has 
the form 



x a /3 



_ .(!)_(!) , _(2)_(3) 



+ Z, 
,(l) z (2) 



! exp(z(j 



+ zi 2 )z« exp(-#) . (9) 



The amplitudes z? with p = 1, 2 and a = 1, . . . , N are 
the amplitudes for decay of the Breit-Wigner resonance 
into the eigenchannels a through the first or the second 
barrier, respectively, see Figure |l]. The entire magnetic- 
field dependence is contained explicitly in the phase fac- 
tors. Therefore, the amplitudes can be chosen real. 
The four terms on the right-hand side of Eq. (^|) ac- 
count for the four ways in which the Breit-Wigner reso- 
nance contributes to the scattering process, see Figure [|: 
Formation and decay of the resonance through barrier 
one, formation and decay through barrier two, formation 
through barrier one and decay through barrier two, and 
formation through barrier two and decay through barrier 
one, respectively. Thus, the form of Eq. (|^) accounts for 
the topology of the AB ring and for gauge invariance. In 
writing Eq. (||), we have assumed that passage through 
the QD is possible only via intermediate formation of the 
resonance. 

The matrix S in Eq. must be unitary. This condi- 
tion is met if the total width T obeys the equation 



EE(^ 2 



2cos (( «5>W4 2 

a 

( 2 )exp(i0)| 2 . 



(10) 



The last form of Eq. © shows that the amplitude for 
decay of the resonance into channel a is the sum of two 
terms, and exp(i0). Again, this reflects the 
topology of the AB interferometer. We note that the 



Breit-Wigner term in Eq. (@) describes both, single and 
multiple passage of the electron through the QD, the lat- 
ter possibly in conjunction with multiple turns around 
the AB ring. This is seen by expanding the Breit-Wigner 
denominator in Eq. (||) in powers of T, using Eq. (|l(]|), and 
identifying the n th power of pairs of coefficients z^> , z^ 
with the n-fold passage of the electron through the QD. 
The expansion gives rise, among many others, for in- 
stance to the term 



K E-E 



)"(l/2)"- 1 
^ exp(+i<j 



r (l)m-l_(2) 



z'p ' exp(+iij 



(11) 



With (— i) the propagator in each of the eigenchannels 
and (E — Eq)^ 1 the propagator through the resonance on 
the QD, this term describes an electron passing n times 
through the QD and circling the AB ring (n — 1) times 
counter-clockwise before leaving the AB device. (The 
factor (l/2)(™ -1 ) is a matter of convention). 

According to Eq. (|l0|), the width V depends upon the 
magnetic flux <fi. In the context of the question addressed 
in the present paper, this fact is worrysome. Indeed, what 
is the meaning of the question "Does the transmission 
phase increase by tt over the width of the resonance?" if 
that width changes with the applied magnetic field? We 
now show that the dependence of T on <f) becomes negligi- 
ble when the total number N of channels becomes large, 

(p) 

N 3> 1. The amplitudes z„ are real but may be positive 
or negative. For a rough estimate, we assume that the 
z's are Gaussian-distributed random variables with zero 
mean value and a common variance z 2 . Then the mean 
value of r is easily seen to be independent of <f> and given 
by 2Nz 2 . The variance of T, on the other hand, is given 
by [AN 2 + 4iV(l + cos 2 ((/>))] (z 2 ) 2 . This establishes our 
claim: The dependence of T on cos(4>) is small of order 
1/yN. To simplify the discussion, we will assume in the 
sequel that T is independent of <fi. 

Inspection shows that the matrix S obeys the identity 



S(<j>) = S T (- 



(12) 



This equation expresses time-reversal invariance in the 
presence of a magnetic field. 

For later use, we write, with f(E) real, the Breit- 
Wigner denominator in the form 



1 



E - E + \ r 



f(E)exp(i£(E)) 



(13) 



Here, £(E) is the resonance phase shift. It increases by 
7r over the width T of the resonance. We recall that we 
assume T to independent of cj>. The questions raised at 
the end of Section |] amount to asking: "What is the 
connection between the transmission phase and the res- 
onance phase shift (.(E)?" We will turn to this question 
presently. 



4 



It is useful to introduce the amplitudes 



7, 



Errr (1) rr 77 r Z (2 



(14) 



The symbol <5„ should not be confused with the eigen- 
phaseshift S a of . After multiplication with the ma- 
trix U, the numerator of the Breit-Wigner term takes 
the form 



7a lb 



a u b 



S r a Y b ] cos(0) 
-MsinW>) 



(15) 



The total scattering matrix is given by 

S:t(E) = (S<°>)3 - if(E) eM*m Wal s b + S r a 6t 



+i[7 r J s b - « sin(0)] 



(16) 



The width T can also be expressed in terms of the am- 
plitudes 7^ and 8 r a , 



r = ^K + ^exp(^)| 5 



(17) 



As announced above, we have shown that the scatter- 
ing matrix S can indeed be constructed from the require- 
ments of unitarity, time-reversal invariance, the topol- 
ogy of the AB interferometer, gauge invariance, and the 
single-level approximation. Explicit construction of the 
scattering matrix from the Hamiltonian formulated in 
Eqs. (||) through (0) as done in Ref. JtJ yields an ex- 
pression which is identical in form to our S in Eq. (16). 
This shows that our formal construction possesses a dy- 
namical content. Conversely, this result shows that our 
model Hamiltonian in Eqs. (||) to (||) leads to the most 
general form of the scattering matrix which is consistent 
with the requirements just mentioned. We recall that 
our construction is strictly based upon a single-particle 
picture and does not account for interactions between 
electrons beyond the mean-field approximation. 



IV. THE TRANSMISSION PHASE 

Equipped with an explicit expression for S, we return 
to the transmission phase. It should first be noted that 
different experiments may determine different combina- 
tions of the conductance coefficients G rs introduced in 
Eq. (|l|) . As shown in Ref. [|| , the relevant quantity for the 
experiment of Schuster et al. is T 41 /(T 44 - N 4 ). Here, 
the indices 1 and 4 label the source and the collector, 
respectively, for the electrons in the six lead experiment. 
We will show presently that T rr with r = 1, . . . , R is an 
even function of the phase <j> and, therefore, depends only 
upon cos (</>). A non-trivial dependence on <fi involving 
both cos(</>) and sin(^>) and, thus, a trigonometric depen- 
dence on (</)±£(Ef)), arises only from the terms T rs with 



r s. Without loss of generality we, therefore, focus at- 
tention on T 12 and, thus, on Y, ab \ S ab( E F)\ 2 > see Ec l- ©• 
This quantity is expected to display a non-trivial depen- 
dence on 4>. We expect that the transmission phase 6<f> 
increases by 7r as the Fermi energy sweeps the Coulomb- 
blockade resonance. We ask how this increase depends 
on the width T of the resonance and on the number R of 
leads. 

It is useful to address these questions by using the uni- 
tarity relation. We write 



ls|2 
ah I 



(18) 



s>3 ab 



The advantage of Eq. (|18|) is that the sum over s van- 
ishes when there are only two leads. Thus, the influence 
of the number of leads is made explicit. We now discuss 
the dependence of the terms on the right-hand side of 
Eq. ( |l8| ) on the resonance phase shift £,(E). 

Each of the terms Y,ab\ S lt\ 2 with s = 1,3,4,... in 
Eq. (H) is the sum of three contributions, involving 
IS^I , the square of the Breit-Wigner contribution, 
and the interference term between and the Breit- 
Wigner term. The contributions from Y^ a b\(^ )ul\ 2 
are independent of both, energy and magnetic field and, 
therefore, without interest. These terms only provide a 
smooth background. The squares of the Breit-Wigner 
terms are each proportional to f 2 (Ep) and are indepen- 
dent of the resonance phase shift £(Ep). This is expected. 
Each such term depends on the magnetic flux in two 
distinct ways. The squares of the terms in Eq. (^) in- 
volving either cos(</)) or sin(<^), and the product of these 
two terms yield a dependence on <p which is periodic in 
4> with period tt. Such terms can easily be distinguished 
experimentally from terms which are periodic in <p with 
period 2tt. As we shall see, it is some of these latter terms 
which carry the resonance phase shift £(Ep). There- 
fore, we confine attention to terms of this latter type. 
A contribution of this type arises from the square of the 
Breit-Wigner term via the interference of that part of 
the resonance amplitude which is independent of (f> with 
the terms proportional to either cos(0) or sm(4>). The 
sum of all such contributions (from values of s = 1 and 
s = 3, 4, . . . , R) has the form 



f 2 (E F )Acos(4> + a ) 



(19) 



where A and ao are constants wich depend on R but 
not on Ep or cf>. We note that the constant A is of 
fourth order in the decay amplitudes 7^ and 5^. Iso- 
lated resonances in quantum dots require high barriers, 
i.e., small values of these decay amplitudes. Therefore, 
the term ([l9]) may be negligible. We continue the dis- 
cussion under this assumption but note that there is no 
problem in taking account of this term if the need arises. 
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We turn to the interference terms. We first address 
the case s = 1 which differs from the cases with s > 3. 
We observe that (S^)H is even in a, b. Therefore, mul- 
tiplication of with the Breit-Wigner term and sum- 
mation over a and b will cancel those parts of the Breit- 
Wigner term which are odd under exchange of a and b. 
Inspection of Eq. ( |l5| ) shows that these are the terms pro- 
portional to sin(</>). As a consequence, the interference 
term for s — 1 is even in (f> and a function of cos(</>) only. 
Explicit calculation shows that the term proportional to 
cos(0) can be written in the form 

Af{E F )x {1) cos(0) sm(£(£ F ) + C (1) ) • (20) 

Here, and £W are independent of energy and ex- 

plicitly given by exp^ 1 )) = Ea^W^^l,)*- 
We observe that as a function of energy, sm(^(E F ) + () 
always has a zero close to the resonance energy E . When 
only two channels are open, the entire dependence on <fi 
which has period 2tt resides in this term. The term does 
not display the resonance phase shift except through the 
zero near Eq. It is symmetric in </> about (j) = 0. These 
facts are well known of course, and are reproduced 
here for completeness only. The form ( |20| ) of the inter- 
ference term was responsible for the failure of the exper- 
iment in Ref. to measure the transmission phase. 
For the interference terms with s > 3, the matrix 
)ai> i s n °t symmetric in a,b. (It is symmetric only 
with respect to the simultaneous interchange of 1, s and 
a,b). Therefore, the terms proportional to sm(<p) in 
Eq. ( |l6| ) do not cancel, and the interference terms ac- 
quire a genuine joint dependence on both, the resonance 
phase shift £,(E F ) and the phase <f> of the magnetic flux. 
Proceeding as in the previous paragraph, we introduce 
the constants zexp(zC) = £ s > 3 £ Qb 7^ ((S (0) )^)* 

and yexpiiO) = £ s > 3 Ea^-f^ ^?)*. The f- 
dependent part of the sum of the interference terms with 
s > 3 takes the form 

2f{E F )[xsm{<j> + £(E F ) + C) + ysin(-0 + £(E F ) + 0)} . 

(21) 

This expression depends on £(E F ) in the expected way. 

We are now in a position to answer the questions raised 
at the end of Section ffl. Whenever the total number N 
of channels coupled to the AB device is sufficiently large, 
the resonance width T becomes independent of magnetic 
flux. This property can be checked experimentally. It 
is only in this limit that the statement "The resonance 
phase shift increases by tt over the width of the reso- 
nance" acquires its full meaning. The limit may, 
of course, be realised even when the number R of leads 
is small. We turn to the behavior of the transmission 
phase. We have shown that there are terms propor- 
tional to f 2 (Ef) which depend upon cos(2(/>) but not on 
£,(E F ). The form of these terms was discussed above. 



For a quantum dot with high barriers, it is expected that 
these terms are small. The terms periodic in 4> with pe- 
riod 2-7T are listed in Eqs. ( [l9| ) to (|lj). For a quantum dot 
with high barriers, we expect that the contribution ( [Ts| ) is 
small. We focus attention on the remaining terms. These 
depend on the value of R. For R = 2, the phase depen- 
dence is given by the term (p0|). This term is even in 
the magnetic flux 4> and has a zero close to the resonance 
energy Eq. It does not, however, display the smooth in- 
crease of the resonance phase phase shift £(E F ) over the 
width r of the resonance. If, on the other hand, the 
number of leads R is large compared to unity, then it is 
reasonable to expect that the terms in Eq. (£]]) are large 
compared to the term in Eq. (|2(]). This is because the 
number of contributions to the terms in Eq. ( pl| ) is pro- 
portional to R — 2. In this case, the transmission phase 
faithfully reflects the energy dependence of the resonance 
phase shift £(E F ). Deviations from this limit are of or- 
der 1/(R — 2). As we gradually turn off the coupling to 
the leads s with s > 3, the terms ( f2~l|) gradually van- 
ish. Nevertheless, it is possible within experimental 
uncertainties that become ever more significant as the 
terms (^lj) become smaller — even in this case to deter- 
mine the resonance phase shift £(E F ) from the data on 
the transmission phase. We propose the following proce- 
dure. Add formulas ( |2C| ) and ( |2l| ) and fit the resulting 
expression to the data. This should allow a precise de- 
termination of £(E F ) and of T also in cases where the 
coupling to the leads s with s > 3 is small. This state- 
ment holds with the proviso that the number of channels 
must be large enough to allow us to consider the total 
width r as independent of <fi. Whenever the coupling to 
the leads s with s > 3 is small, the energy dependence 
of the transmission phase is quite different from that of 
the resonance phase shift. Nevertheless, the transmis- 
sion phase S<fi does reflect the energy dependence of the 
resonance phase shift £ whenever the number of leads is 
larger than two. In particular, this energy dependence is 
governed by the total width T. 

In conclusion, we have seen that in a theoretical model 
which is more closely patterned after the geometry of Fig- 
ure [I] than is the model of Ref. ||, the transmission phase 
does reflect the value of the total width. This statement 
applies whenever the number of leads exceeds the value 
two, and whenever the total number of channels is large 
compared to one. Both conditions are expected to be 
met in the experiment of Schuster et al. W. 
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